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What should an intermediate node do with interfering signals?
e |t could decode all of the transmitted signals.
e |t could compress its observation and forward this description.

To discuss these questions, we need a more formal framework, which
we will introduce next.
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The Usual Suspects:

e Message w € {0,1}* e Estimate W € {0, 1}*
e Encoder & : {0,1}F — &7 e Decoder D : Y™ — {0,1}*
e Input x € X" e Outputy € Y

e Memoryless Channel p(y|x) = Hp(yl|xl)
e Rate R = —.
n

e (Average) Probability of Error: P{#% # w} — 0 as n — oco. Assume
w is uniform over {0, 1}%,



e Generate 2" codewords
x = [X; X5 -+ X,,] independently
and elementwise i.i.d. according to

some distribution px g—1= . .
n :
p(x) = [ [ px () i1 '
i=1 3 - . . .
e Bound the average error probability 4. .
for a random codebook. 0- ..
01 2 3 4---q—1

e If the average performance over
codebooks is good, there must exist
at least one good fixed codebook.



e Two sequences x and y are (weakly) jointly typical if
1
‘ - Elogp(x) —H(X)| <e

‘ - %logp(Y) —H(Y)| <e

1
‘ — —logp(x,y) — H(X,Y)| <e
n
e For our considerations, weak typicality is convenient as it can also be
stated in terms of differential entropies.

e If x and y are i.i.d. sequences, the probability that they are jointly
typical goes to 1 as n goes to infinity.



Decoder looks for a codeword that is jointly typical with the received

sequence y
Error Events

1. Transmitted codeword x is not jointly typical
with y.
—> Low probability by the
Weak Law of Large Numbers.

2. Another codeword X is jointly typical with y.

Let X be an i.i.d. sequence that is independent from the received
sequence y.

]P{(f(,}’) is jointly typica|} < 2—n(I(X;Y)_3€)

See Cover and Thomas.



e We can upper bound the probability of error via the union bound:

P{w # w} < Z ]P’{(x(v'(r),y) is jointly typical.}
WHEW

< 9-nU(X3Y)=R=39) + Cuckoo’s Egg Lemma

o If R<I(X;Y), then the probability of error can be driven to zero
as the blocklength increases.

The capacity of a point-to-point channel is C = max [(X;Y).
PX
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e Rate Region: Set of rates (R;, R2) such that the encoders can
send wy and ws to the decoder with vanishing probability of error

P{(Wl,WQ) 75 (Wl,Wz)} — 0 asm — oo



Convex closure of all (R1, Ry) satisfying

Ry < I(X1;Y]X3)
Ry < I(XQ,Yle)
Ri+ Rs < I(Xl,XQ;Y)

for some p(z1)p(z2).
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The Usual Suspects:

e Message w € {0,1}* e Estimate W € {0, 1}*
e Encoder & : {0,1}F — &7 e Decoder D : Y™ — {0,1}*
e Input x € X" e Outputy € Y

e Memoryless Channel p(y|x) = Hp(yl|xl)
e Rate R = —.
n

e (Average) Probability of Error: P{#% # w} — 0 as n — oco. Assume
w is uniform over {0, 1}%,



Linear Codes

Linear Codebook: A linear map between messages and codewords
(instead of a lookup table).

g-ary Linear Codes

Represent message w as a length-k vector over [F,.

Codewords x are length-n vectors over F,.

Encoding process is just a matrix multiplication, x = Gw.

€1 911 g12 -+ Gik wi
X2 921 G922 -+ G2k w2
T gnl Gn2 - Gnk Wy

Recall that, for prime g, operations over [, are just mod ¢
operations over the reals.

k
Rate R = —loggq
n



e Linear code looks like a regular

subsampling of the elements of Fy/. g —12 « & o o o o« &

e Random linear code: Generate 4= o o o o o o .
each element g;; of the generator Fg 34 o o o o o o @
matrix G elementwise i.i.d. O e o o o o o o
according to a uniform distribution 12 o o o o o o o
over {071,277q—1} 0- ° ° . ° [} ° °

0 1 2 3 4---q—1

e How are the codewords distributed?



Codeword Distribution

It is convenient to instead analyze the shifted ensemble X = Gw & v
where v is an i.i.d. uniform sequence. (See Gallager.)

Shifted Codeword Properties
1. Marginally uniform over . For a given message w, the codeword X
looks like an i.i.d. uniform sequence.

P{x =x} = — forallxeFy
q

2. Pairwise independent. For wy # wy, codewords X1, Xs are
independent.

1
]P){)_(l = Xl,)_(2 = X2} = —on = P{)_Cl = Xl}]P){)_(Q = Xg}



e Cuckoo's Egg Lemma only requires independence between the true
codeword x(w) and the other codeword x(W). From the
union bound:

P{w # w} < Z IP{(X(\?V), y) is jointly typical.}
WHEW
< 9-nI(X;Y)=R-3¢)

e This is exactly what we get from pairwise independence.

e Thus, there exists a good fixed generator matrix G and shift v for
any rate R < I(X;Y) where X is uniform.



Removing the Shift

Z
W—>5X$y D W

e For a binary symmetric channel (BSC), the output can be written as
the modulo sum of the input plus i.i.d. Bernoulli(p) noise,

y=X®dz
y=Gwdvdz
e Due to this symmetry, the probability of error depends only on the

realization of the noise vector z.
= For a BSC, x = Gw is a good code as well.

e We can now assume the existence of good generator matrices for
channel coding.



Random I.1.D. vs. Random Linear

What have we gotten for linearity (so far)?
Simplified encoding. (Decoder is still quite complex.)

What have we lost?
Can only achieve R = I(X;Y") for uniform X instead of
max I(X;Y).
px

In fact, this is a fundamental limitation of group codes, Ahlswede '71.

Workarounds: symbol remapping Gallager '68, nested linear codes

Are random linear codes strictly worse than random i.i.d. codes?
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¢ Rate Region: Set of rates (R;, R2) such that the decoder can
recover f(wy, ws) with vanishing probability of error

P{a # f(wi,wa2)} = 0asm — oo



Ry

logq — H(Z)A

logg — H(Z) Ry

X1 z
Wi—| &
W
y D 1
W2
X2
Wo—{ &

e Receiver observes noisy modulo sum of
codewords y = x1 D Xo D z

All rates (Ry, R2) satisfying

Ri+ Ry <logq— H(Z)



Computation over Finite Field Multiple-Access Channels

e Independent msgs
Wi, Wo € Fg
e Want the sum u = w; ® wy

with vanishing prob. of error
P{tG#u} —0

I.1.D. Random Coding

W1—

&1

W9 —

&

X1 Z

X2

e Generate 211 jj.d. uniform codewords for user 1.

Need R; + Ry <logq— H(Z)

Generate 272 i.i.d. uniform codewords for user 2.
With high probability, (nearly) all sums of codewords are distinct.

This is ideal for multiple-access but not for computation.



onB1 codewords

[ ]
. [ ]
[ ] [ ]
° Xl Z o o
[ 3N )
° ° o o
y [ 3N )
[ 3N )
. . e teecees
° X2 [ ] ® o o0 0 0
[ ]
e 2n(R1+R2) modulo sums of codewords

2nR2 codewords



Computation over Finite Field Multiple-Access Channels

Independent msgs wq, wo. X Z
p gs Wi, W3 wi—]| & 1
Want the sum u = w; & wy y )
with vanishing prob. of error D —u
i X
P{a#u} =0 Wo—| & 2 u=wj D wy

Random Linear Coding

e Same linear code at both transmitters x; = Gwy, x9 = Gws.

e Sums of codewords are themselves codewords:

Yy=x10x2Dz
=Gw; P Gwy P z
=G(wi Dwy) Dz
=Gudz

e Need max(Ry, Re) <logq— H(Z)



onB1 codewords

° °
° °
- . X1 Z . .
° °
° L y Y L]
] . L] R
] L] ¢ *
X2 : :
° °
gnmax(R1,R2) modulo sums of codewords

2nR2 codewords



Computation over Finite Field Multiple-Access Channels
Ry

logg — H(Z)

logg— H(Z) Ry

I.I.D. Random Coding: R; + Ry <logq — H(Z)
Random Linear Coding: max (R, Ry) <logq — H(Z)
Linear codes double the sum rate without any dependency.

Is this useful for sending messages (no computation)?



o Consider the following model:

X1 VA
Wi— &
w y ~
Py iw D=1
X2
Wo— & u=wj;Pwsy

e Find an achievable computation rate.
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e One possibly interesting rate is attained by using the same binary

linear code at both transmitters.

e Then, the resulting computation rate is simply R = I(W;Y), where
W is Bernoulli(1/2).
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N ) Power constraints P;, P,. Noise variance N.



Gaussian Multiple-Access Channels: Mod-2 Sum Computation?

How can we extend this to the Gaussian Multiple-Access Channel?

e Let us assume P = P; = P», and introduce, for simplicity,
SNR = P/N.

e Then, consider the following simple approach for the computation
problem:

0— —V/SNR | X1 z
W1 — —
! G 1 — v/SNR l

_ X2
’VV’Q—)G.—»O_> \/SNR u=wj @ wy

1 — v/SNR




Gaussian Multiple-Access Channels: Mod-2 Sum Computation?

Let us use a simple sub-optimal decoding step:

Decide "0" Decide "1" Decide "0"

e Step 1: for each symbol, decide between —2,0, 2.

e Step 2: Map: 0 to 1, and both —2 and 2 to 0. Overall, this leads to
a binary asymmetric channel.

e Step 3: ML decoding with respect to the code.

Exercise: Calculate the rate at which we can decode the modulo-2
sum.



Gaussian Multiple-Access Channels: Mod-2 Sum Computation?

Exercise: Calculate the rate at which we can decode the modulo-2
sum.

Solution:

e Since both users use the same code, the overall scenario can be
thought of as a point-to-point channel with a binary input.

0 is flipped to 1 with probability Q(v/SNR) — Q(3v'SNR).
1 is flipped to 0 with probability 2Q(v/SNR).

On this channel, we are using a uniform input distribution.

Hence, the rate is equal to the mutual information across this
channel, evaluated for uniform inputs.



Two users:

1.6




Two users, detail:

0.9

0.85

0.82 L L L L L L L L L
6.5 6.6 6.7 6.8 6.9 7 71 7.2 7.3 7.4 75




Three users:

0 2 4 6 8 10 12 14



e |n binary, the rate can be at most one.
e This may be acceptable in low-SNR.
e In high SNR, it appears inevitable to consider larger alphabets...
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o A lattice A is a discrete subgroup of
R™.

e Can write a lattice as a linear
transformation of the integer
vectors,

A — BZn , L[] L] [ ] [ ] [ ] L] °o ] ]

for some B € R"*",

Lattice Properties

e Closed under addition:
AL, M EAN = A+ X €A

e Symmetricc A€ A = —A €A



Voronoi Regions

Nearest neighbor quantizer:

Qa(x) = argmin ||x — Al|2
PXSN

The Voronoi region of a lattice point
is the set of all points that quantize
to that lattice point.

Fundamental Voronoi region V:
points that quantize to the origin,

V= {x:Qx(x) =0}

Each Voronoi region is just a shift of
the fundamental Voronoi region V




@ Observing the power constraint: Nested Lattices
® Proving achievable rates:

e Dithering
o “MMSE Scaling”



e Two lattices A and Afng are nested
if A C ApNE

e Nested Lattice Code: All lattice
points from Afne that fall in the
fundamental Voronoi region V of A.

e ) acts like a power constraint

1 Vol(V) )
Rate = —log | —————
n ot (VOl(VHNE)




e Choose an n x k generator
matrix G € IE‘Z‘X’c for g-ary code.

—~

N=

N
~—

— 1= o °
o Integers serve as coarse lattice, . . .
A=7". '
4 - . .
]Fq 3= . .
e Map elements {0,1,2,...,¢g— 1} 9d o .
to equally spaced points between 14 . .
—1/2 and 1/2. od . .

(_%7 _%) H
e Place codewords x = Gw into
the fundamental Voronoi region

V=[-1/2,1/2)"



e Modulo operation with respect to
lattice A is just the residual
quantization error,

[x] mod A =x — Qa(x) .

e Mimics the role of mod ¢ in g-ary
alphabet.

e Distributive Law:

[xl + [x2] mod A] mod A
= [x1 + x2] mod A




& O

Y mod A Y

O

X

N

®—

wW— £ D —w

e Codebook lives on Voronoi region V of coarse lattice A.
e Take mod A of received signal prior to decoding.

e What is the capacity of the mod A channel?

1
Using random i.i.d. code drawn over V:  C = —maxI(x;¥y)

n p(x)






OO0 O

X y N
wW— & é mod A Y D—=w

e Channel output entropy is equal to the logarithm of the Voronoi
region volume if it is uniform over V:

h(y) = log(Vol(V)) if y ~ Unif(V)
e ¥ =[x+ 2z]mod A is uniform over V if x is uniform over V.

e Random i.i.d. coding over the Voronoi region V can achieve:

1 1
R= - log(Vol(V)) — 5 log(2meN)
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|
wW— £ @ Y mod A Y

D—w

e Must scale lattice A so that the uniform distribution over the
Voronoi region V meets the power constraint P.

e Set second moment o3 = VoI / |x/?dx equal to P.

2
Normalized Second Moment:  G(A) = (\/I(UW
o

Do = s () - e ()



|
w— & @ mod A

e Random i.i.d. coding over the Voronoi region V can achieve:

C> %log(Vol(V) — —log(2meN)

1
)73
i) - %log(QﬁeN)

log(2meG(A))
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mod A

e The normalized second moment G(A) is a dimensionless quantity
that captures the shaping gain.

e Integer lattice is not so bad, G(Z") = 1/12.

e Capacity under mod Z" is at least

C

1

o (£) - Lo (25)
N 2 12
log (5) —0.255

N

1
2
1
2



1

There exists a sequence of lattices A such that lim G(A™) = —.
n—00 2me

_><:>_,..._,O

n=1 n=2 n — 0o

e Best possible normalized second moment is that of a sphere.
e Using a sequence A with an asymptotically good G(A(™)) allows

to approach
1 P 1 2me
=1 — ) —-=1 —
fi=3los (N) g %8 (Qma)

1 (P
2%\ N



e Can actually get this with a linear code tiled over Z™ (see, for
instance, Erez-Litsyn-Zamir '05.)

e Many works looking at this from different perspectives.

o We will just assume existence.



Recall the two key properties of random linear codes G from earlier:

Codeword Properties
1. Marginally uniform over /. For a given message w # 0, the
codeword x = Gw looks like an i.i.d. uniform sequence.

L

P{x =x} = o

for all x € IFZ

2. Pairwise independent. For wi,wy # 0, wy # wo, codewords x1, X9
are independent.

1
]P{Xl = X1,X2 = X2} = an = ]P{Xl = Xl}]P{XQ = Xg}



o Instead of an “inner” random (-1 1 (1,1
codes, we can use a g-ary linear
code. a-11 .
e This is exactly a nested lattice. 4= .
. Fq 3 - . .
e Each codeword has a uniform )
marginal distribution over the .
rid. ] ) )
g 0= . .
ni _l _l 1 L] 1 1 L] l, _l
e Rate loss .due to'flnlte (=3,—3) R I T (3:—3)
constellation which goes to 0 as F
q — 0. 7
e Codewords are pairwise x = [yGw| mod Z"

independent so we can apply the
union bound.



e General coarse lattice A = BZ".

e First, apply generator matrix for
linear code Gw. Then scale
down by v and tile over Z™.

e Multiply by B and apply mod A
to get codebook.

e As q gets large, each codeword’s
marginal distribution looks

uniform over V. x = [ByGw] mod A

e Codewords are pairwise
independent so we can apply the
union bound.



e Erez-Zamir '04: Prior to taking mod A, scale by «.

¥ = [ay] mod A
= [ax + az] mod A
=[x+ 0oz — (1—-a)x] mod A

Effective Noise

e For now, ignore that the effective noise is not independent of the
codeword. Effective noise variance Ngrrec = a?N + (1 — a)?P.

P
e Optimal choice of « is the MMSE coefficient apmmse = NiP
PN
Nerrec = amseN + (1 — amvise)* P = NP

1
C=-lo —lo
2 %% (NEFFEC) g( )



Now the noise is dependent on the
codeword.

Dithering can solve this problem (just as in
the discrete case).

Map message w to a lattice codeword t.

Generate a random dither vector d
uniformly over V.

Transmitter sends a dithered codeword:
x = [t +d] mod A

x is now independent of the codeword t.



e Transmitter sends dithered codeword x = [t + d] mod A.

o After scaling the channel output y by «, the decoder subtracts the
dither d.

¥y = [ay —d] mod A
= [ax + az — d] mod A
=[x—d+az—(1—a)x] mod A
= [[t—f—d] mod A —d+az — (1 — a)x| mod A
=[t+az—(1—a)x] mod A Distributive Law

o Effective noise is now independent from the codeword t.

e By the probabilistic method, (at least) one good fixed dither exists.
No common randomness necessary.



e Linear code embedded in the integer lattice:

1 P 1 2e
=—1 — ] - =1 —
R 2Og(N) 2°g(12>
o Linear code embedded in the integer lattice, MMSE scaling:
1 P 1 2e
R = 3 log (H—N) —3 log (E)

o Linear code embedded in a good shaping lattice, MMSE scaling:

1 P
R= 3 log (H—N)

Nested lattice codes can achieve the AWGN capacity.
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Encoders use the same nested

lattice codebook. t—| & X1 T
Transmit lattice codewords: P
x1 =1t
X9 = to to —{ & V=[t1—|—t2] mod A

Decoder recovers modulo sum.

[y] mod A
= [x1 +x2 + 2] mod A
=[t; +t2+ 2z mod A

= [[tl + to] mod A + z} mod A Distributive Law
= [v+z] mod A

1 P
R = §log (N)



Decoding the Sum of Lattice Codewords — MMSE Scaling

Encoders use the same nested

lattice codebook. t,— & X1 Z
Transmit dithered codewords: l P S
x1 = [t1 +d1] mod A
X9 = [t2 + d2] mod A to — & v = [t; + t2] mod A

Decoder scales by «, removes dithers, recovers modulo sum.
[ay — d1 — dg] mod A
= [a(xl + X9 + Z) —d; — dg] mod A
=[x1 +x2 — (1 — a)(x1 +x2) + @z — d; — dg] mod A
= [tl +t2] mod A — (1 — Oé)(Xl + Xg) + OéZ] mod A
=[v— (1 — a)(x1 +x2) + az] mod A
L | ]
Effective Noise Nerrec = (1 — a)?2P + o?N




e Effective noise after scaling is Ngrrec = (1 — a)?2P + o N.
Minimized by setting o to be the MMSE coefficient:

2P

AMMSE = m

Plugging in, we get
2NP

Nerrec = N 1 2P

Resulting rate is

1 P 1. (1 P
= -1 = Zlog [ =+ =
ft=3los (NEFFEC) 2 08 (2 + N)

Getting the full “one plus” term is an open challenge. Does not
seem possible with nested lattices.




From Messages to Lattice Points and Back

e Map messages to lattice points

t1 = ¢(wy1) = [ByGw;] mod A
to = ¢(wa) = [ByGws] mod A

e Mapping between finite field messages and lattice codewords
preserves linearity:

(b_l ([tl + tg] mod A) =W D wWo

e This means that after decoding a mod A equation of lattice points
we can immediately recover the finite field equation of the messages.
See Nazer-Gastpar "11 for more details.



Summary: Finite Field Computation over a Gaussian MAC

Map messages to lattice points:

t1 = o(w1) w1z
to = p(wa) ! ! l
y N
D H—u
Transmit dithered codewords: <
2
x1 = [t1 + d;] mod A Wo— & u=w; dws

Xg = [tg + dg] mod A

o If decoder can recover [t; + ta] mod A, it also can get the sum of
the messages

W1 O Wo = ¢,] ([tl + tg] mod A) .

. 1 1 P
e Achievable rate R = 3 log (5 + N) )



Lattice Codes for Computation
All users pick the same nested lattice code: Choose messages over
field w; € F’;: Map w; to lattice point in Apne mod Acoarse:
Transmit lattice points over the channel: Decode the sum:

Decoding is successful whenever R < %logg (% + SNR)



For the K-user Gaussian MAC with unit gains, a receiver can decode

> w; at rate:
1 P
l
R = —log (K 4= N)

Note: Constructive proof requires lattices generated from g¢-ary codes,
where ¢ is generally arbitrarily large.



e Want sum of messages S, w;

e Channel is perfectly matched y = Zi‘il X;+2z

M=2

3.5 i " "
- - -Upper Bound

3 — Computation Code
—— Decode Everything

25

Rate per User

0 5 10 15 20
SNR in dB



X1
wWi— & hy .
X2 h N
Wo—{ & 2 12 () Y D —u
hK K

(=1

XK




e Map messages to lattice points t; = ¢(wy).

e Transmit dithered codewords x, = [ty + d¢] mod A

o Receiver removes dithers and decodes an integer combination which
can be mapped back to F, to recover @, a;wy.

[y — zL: agd[] mod A
/=1

L L
= Zhgxl—f—z—za[dg} modA

=1 =1
L L

= Zag(xZ —dy) + Z(hg —ap)x¢+ z] mod A
=1 =1

- L L
= [Z agtg} mod A + Z(hg —ag)x¢+ z] mod A Distributive Law

L =1 IZ:l 1

T
Effective Noise



Computation over Fading Channels — Effective Noise

e Effective noise due to mismatch between channel coefficients
h = [hy---hr]T and equation coefficients a = [a; - --ar]T.

Nerrec = 1 + SNR|/h — a|?

1 SNR
— -1
R=3 Og<1+SNR||h—a||2>

e Can do better with MMSE scaling.

L L
ay = Z apxy + Z(Oéhg —ap)xy + az
(=1 /=1
1 SNR
R = max - |
Targ o8 <a2 + SNR[Jah — aH2>
R < 1 4+ SNRh]]? >

2 lal|? + SNR([[h[[*[la]?* — (hTa)?)

e Practical codes and constellations: Feng-Silva-Kschischang '10, Hern
and Narayanan '11, Ordentlich and Erez '10, Osmane and Belfiore '11



For the Gaussian MAC with coefficients h = [hy - -~ hy]", unknown to
the transmitters, it is possible to decode the finite-field sum of the
messages with coefficients a = [a1 - - - ar)|T at rate

o L SNR
= 1m. =
o> 2 %\ a2 + SNR|jah — a2

= Liog 1+ SNR(Jh? )
2 %% \ [lal? + SNR(B[E ]2 = (hTa)?)




Compute-and-Forward — Multiple Receivers

z
X1 | y1 .
wWi—{ & —®——| D1 —~ 1y
Zo
X2 | y2 .
Wo—| & H —@®——{ D [~ 12
Zrc
x \ vk
Wi—| E — —@y—> Dk >tk

e No channel state information (CSI) at transmitters.
e Receivers use CSI to select coefficients, decode linear equation

K
u, = @ AWy
=1

e Reliable decoding possible if

R < min 11 (

N + Phg|? >
kak[7£0 2 )2)

Nlag]?* + P(|hy | lag]|* — (hi ax



l. Interference

Il. Compute-and-Forward
1. Interference: The Compute-and-Forward Perspective
IV. Single-Hop Networks

V. Multi-hop Networks



Decode f3(wi, ws)

y3
Pys1x1 X2 Rs X3
X1
wi—| &
1 o
pY5|X3X4 Y5 D5 —>W1
Y4 w2
Pyyx1 x5 R4 —E4

W9 — X2
2—| & Decode f4q(w1,wa2)




l. Interference
Il. Compute-and-Forward

l1l. Interference: The Compute-and-Forward Perspective

IV. Single-Hop Networks

(a) Fixed Channel Characteristics (“Single Channel”)
(b) Varying Channel Characteristics (“Parallel Channels")

V. Multi-hop Networks



Many-to-One Interference Channel

D,

Dy

wWi—| &
e Only receiver 1 sees
interference: wo—| &
K
yi=x1+ § Bix¢ + 21
(=2
WK —| Ei

Dk

e “"Compute-and-Forward” Approach: Encoders use the same nested

lattice codebook.

e Decoder Dy decodes linear equations of the messages.

e Additional twist: After decoding an equation, we can (partially)

remove it from the received signal.



e Only receiver 1 sees interference:

K
yi=x1 +25£X£+Z1
£=2
Let us denote b = (1, 5, ..., OKk).
e It first decodes the equation

(1) (1)

1
qg )W1+q2 w2+ ...+ WK

where we collect the integer coefficients into the vector (V).

e As we have seen, this works if the rate R is chosen to satisfy

P
R < logt
= s (|\ab—q<l>u2p+aw>



e Next, we form

K K
ng) =x1 + Z /BZXZ + Zl—all (Z qgl)X[)

(=2 =1
e From this, we decode

qu) (2) (2)

W1+gy Wot ...+ QWK

where we collect the integer coefficients into the vector q(2).
e Again, this works if the rate R is chosen to satisfy

P
R < log™
= s © (Haz(b—aﬁq(l))—q(2)”2p+o‘%N)

which we prefer to trivially rewrite as

P
R < log™
= a0 (||azb—a1q<l>—q<2>||2P+a§N>



Many-to-One Interference Channel

e Next, we form

K K K
v =%+ > Bexe + z1—a (Z qy))%) — af (Z QEQ))%)
(=2 /=1 (=1

e From this, we decode

qgg)Wl + qég)Wg + ...+ qS)WK

where we collect the integer coefficients into the vector q*).
e Again, this works if the rate R is chosen to satisfy

1 P
R < 21 + -
" ofehea? <||a3<b — a® — ajq™) — PP + aéN)

which we prefer to trivially rewrite as

R < L log* P
max — 1o,
= a2 0 \Jlagb — a2q® — arqD) — qO[2P + a3N




Many-to-One Interference Channel

At this point, we have decoded three equations, with coeffcients
q®.q?, and q®, respectively.

Of course, this is only useful if we can now use these to recover the
message wWi.

Suppose we have

aV = (1,1,2)
q(2) = (]-7_57 1)
q(S) = (_1737_5)

Can we recover w?
Construct the 3 x K matrix

Let us denote the set of those matrices for which one can recover
the first component (i.e., w;) by Q;.



e Construct the 3 x K matrix

Let Q1 be the set of those matrices for which one can recover the first
component (i.e., wy).

o Exercise: Give an explicit characterization of Q. (For the 3 x K
case, and then for the general L x K case.)

e Hint: Consider the matrix Q’, obtained from Q by removing the first
column.



The following rates are achievable for the many-to-one interference networks

o 0) ,(-1) (1)
< com; 5 P
R < Letik) 1efiL) Reomp(a™,q a)
QeQ1

Ry,

IN

min{%log(l—i—P),Rl}forke 2: K]

where

O gD g™y

Rcomp (q BN |

P
2
Haeb - it oyq) — q("’)H P+aojN

1
= max —logt
(23 RXREN1=T)



Many-to-One Interference Channel

Z
!
X -
wWi—| & ! @ Y1 Dy =~wW1
X -
W9 —| 52 2 @ ¥ D2 W29
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Ve
X 3 -
W3 — 53 2 @ M D3 — W3
o 5
X 4 -
wi—| & b D, [

e Now, let P = 10.
e Then, the best equations turn out to be (in this order!)

q'V = (1,3,3,3), leadingto  Reomp = 1.707
q'? = (3,10,10,10), leading to  Reomp = 1.782.
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e Equal rates R.

e Good equations:

aqV =(0,1,1,...

a? = (1,0,0,...

41
y
X N
Wi—| & ! q'\ Y1 Dy [=W1
5/ |22
X 2 ~
Wo—|{ & 2 \+J Y Dy —>W2
1), b
ZK
0). x b oyk .
’ Wir—| Ex K @ Y D =Wk

From the theorem, we find...




Many-to-One Interference Channel — Symmetric Very Strong Case

e How big does 3 have to be to achieve R = %log (1 + %)?
(i.e. “very strong" case)
e Baseline scheme: Decode wo, ..., Wk at receiver 1 and remove prior
to decoding wi.
1 BAHK —1)P
R<——1 14—
=K 1) Og< TTNTP
Hence,
) ((1 + DyK-1_ 1) (N +P)
>
= (K—-1)P

e By contrast, for the “compute-and-forward” scheme:

8> (P+ N)?
= PN

e Originally shown in Sridharan-Jafarian-Vishwanath-Jafar 08 using
spherical shaping region. Nested lattice scheme: Nazer-Gastpar '11.



o Further results can be obtained for the many-to-one interference
channel.

o Example: Lattices codes combined with the deterministic model can
approach the capacity region to within (3K + 3)(1 + log(K + 1))
bits per user. (Bresler-Parekh-Tse '10).



Symmetric K-User Interference Channel

z
X1 | Y1 .
wWi— & ] —®——{ D1 W
g e g Zo
e |
Wo—| & X2 g 1 H g _@y_z, Dy Wy
e ZK
x| 99 1 | vk
Wi— €k —®—— Dk =~ Wk

e Each transmitter wants to send a message to a single receiver.

e Possibility of interference alignment Cadambe-Jafar '08, Motahari et al.
'09.

e Approximate capacity known in some special cases: two-user
Etkin-Tse-Wang '08, many-to-one and one-to-many Bresler-Parekh-Tse
'10, cyclic Zhou-Yu '10.

e Focus on the special case of symmetric cross-gains.



Effective Multiple-Access Channel

Lattice codes can enable alignment on the signal scale.

Each receiver sees an effective two-user multiple-access channel,

YkZXk-FQZXe-FZk.
t#k

Idea: Successive cancellation. Decode and subtract interference
Z#k Xy before going after desired message.

Only optimal when the interference is very strong, Sridharan et al. '08.

With the compute-and-forward transform we can approximate the
sum capacity in all regimes.



Lt °

] ]
T T

1 2 a

D=
wlw—n—

o Capacity understood in the high SNR regime. Jafar-Vishwanath ’10.

log g2SNR R(SNR)
== da) = _lim ——c
log SNR SNR—co 5 log SNR



e Each receiver sees an effective two-user multiple-access channel,

Yk=Xk+gZXz+Zk :
btk

e Decode two equations:

axg+az Y X bixp + b2 Y %
£k £l

e This allows us to operate close to the symmetric capacity, unlike
successive cancellation.
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e Using this technique, we can characterize the approximate sum
capacity of the symmetric K-user interference channel. See
Ordentlich-Erez-Nazer '12 arXiv:1206.0197.

e Typical result:
Strong Interference Regime, 1 < a < 2,

c+5

1 1 1

for all channel gains except for an outage set of measure p < 27¢ for
any ¢ > 0.



l. Interference
Il. Compute-and-Forward

l1l. Interference: The Compute-and-Forward Perspective

IV. Single-Hop Networks

(a) Fixed Channel Characteristics (“Single Channel”)
(b) Varying Channel Characteristics ( “Parallel Channels”)

V. Multi-hop Networks



Time-Varying Channels, Unknown at Tx

&
W1 — 1 h
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VAR
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/=1

e Fading coefficients hy, ho, hg are iid Gaussian, unknown to the
transmitters.

e Fix a certain rate R. Decode either the equation of your choice or
one of the messages (which is a special case of an equation...).

o With what probability does the channel not support the rate R that
you fixed? (“Outage probability”)



Time-Varying Channels, Unknown at Tx
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e One can also study the average rate, averaged over the fading
behavior.

e But we here proceed to the case when the channel is known at the
Tx.



Time-Varying Channels, Known at Tx

w1 —| & Xl[t]
1
wo —| Eg X,[t] 11
-1
ws— & Xslt]

1
1
—1

He

-1
-1
Jik

Decoder 1: wi + w9 — w3 and wy; — we + w3 at R = %log2(§
Decoder 2: —w; + wo + ws and wq +wy —wg at R = %log2

Decoder 3: wq — wg + wg and —wq +wo +wsg at R = %log2

(3
(3

+
+
+



Time-Varying Channels, Known at Tx

e Hence, each user gets a rate of

11 1 P
=—--1 -+ —).
R 53 0g2(3 + N)
o Actually, we can do a little better: Simply add up the analog channel
outputs from even and odd channel. This leads to a new interference

channel:
i = 2Xhi+ 21+ 23
Yy 2X + Zo + Zb
Y = 2X3+ Z35+ 7}

The per-user rate is now

1 1 2P
R=3-Slogy(l+—7),

which can be shown to be exactly the (sum-rate) capacity of the
considered network.



-—'\ @1W1 + G2W2 + -+ + AKWK
w
1 - aiW1 — aeW2 — -+ — QKWK
\ W1
N

> biwi +bawa + - - + bk Wk
w2 ! HC —biwi +bswo — -+ —bg Wk

L] w2

> w1 + 2wz + - + CKWK

—C1W1 — CaW2 — -+ - + CKk WK




Time-Varying Channels, Known at Tx

For example, when the channel matrix changes over time...

Z
x
Wi—| Tx 1 — é e Rx 1 W1 e Time-varying
Zo fading with i.i.d.
X9 | y2 uniform phases.
Wo—| Tx 2 H ® Rx 2 —W2
(t) e Transmitters know
H(t) before time ¢.
qu-
X ,
W] Tx Ml &M Ry MW




1. At time t with channel H, user k transmits signal X,.

hi1 hiz -+ hig

hot  hoe -+ hog
H= . . .

hki hko -+ higk

2. When complementary matrix H¢o occurs, retransmit signals X.

hitn  —hi2 -+ —hik
—ha1  haa -+ —hog

He = . . . +4
—hg1 —hg2 -+ hik

3. Otherwise, transmit new signals and wait for their He.



We need to match up almost every matrix with its complement.

Want a finite set of possible matrices ‘H for analysis:

1. Quantize each channel coefficient to precision §
(closest point in §(Z + j7Z)).

2. Set threshold hyax. Throw out any matrix with |Axe| > Ayax.

Choose §, hyax to get desired rate gap.

Since phase is i.i.d. uniform, P(H) = P(H¢).



Sequence of channel matrices H" is e-typical if:

%N(H|H”) - P(H)‘ <e WHeH

For any i.i.d. sequence, H", the probability of the set of all e-typical
sequences, A”, is lower bounded by:

€7

_ 1H|

P(A™) > 1
(4= 4Ane?




Convergence in Type

H: H: H3 Hi; Hic Hzc Hoc Hic

Channel Thresholding

Rate /lL

Unpaired Matrices Channel Quantization



1. At time t with channel H, user k transmits signal X,.

h11 h12 th

h21 h22 h2K
H= . . .

hki hko -+ higk

2. When complementary matrix Ho occurs, retransmit signals X,

hir —hi2 —hik
—ha1  hao —hok
He = . . +6
—hk1 —hk2 hi Kk

3. Otherwise, transmit new signals and wait for their H¢.
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hll _h12 e _th

—ha21 haza -+ —hok
+0]| X + Z(tc)

—hx1 —hr2 -+ hxk
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Each user can achieve at least half its interference-free capacity at any
signal-to-noise ratio:

R= %E [log (1 + 2|hmm|*SNRy,) | > %RFREE

e “Everybody gets half the cake!”

e For uniform phase fading and a large number of users, scheme
achieves the ergodic capacity.

e Can also show this approach achieves the ergodic capacity region for
finite field channel models.



l. Interference
Il. Compute-and-Forward
1. Interference: The Compute-and-Forward Perspective

IV. Single-Hop Networks

V. Multi-hop Networks

(a) Fixed Channel Characteristics
(b) Varying Channel Characteristics



A
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T 32— X9 + Zo
Z

e Two users want to send messages across the network with the help
of two relays.

e Strategy 1: Each relay decodes one message.

o Strategy 2: Relays send their observed signal to the destination
without decoding.



e [nterference can be useful!

e Not captured by bit pipe approach.
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e What if each relay could decode a linear equation?

o Compute-and-Forward: One relay decodes the sum of codewords.
Other relay decodes the difference.



e Compute-and-Forward is nearly optimal!
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Multi-Hop Networks

z1 Z1R
X1 yi X1R Yir
Wi &) 6 R g
]_ 1 ctt ]_ Zo ZoR

i _1 _]_ ZK ZKR

XK vk xkr YYKR
WE—| £ —® R ——®

wa] & X2 1 1 H —.1 _ém R XoR é}’wz -

e Equal rates R. H is a Hadamard matrix, HHT = K1

Upper Bound Compute-and-Forward
llog<1—i—£> log<1+P>
2 N K N

Compress-and-Forward Decode-and-Forward

Lg (14 2L log (1+ &L
9 %8 NN+ KP ZKOg N



Multi-Hop Networks

Zf[ﬂ Zé[t]

W1—] 51 —®—>R1—> —@—)'Dl—vyl
Zo|t ZL[t

A E el R Ul

Wa— & -1 1 1F®—Re> 1 1 o F@©—|D:>2
1 -1 1]z 0 1 1 |z

e Relay 1 decodes w1l + w2 — w3, etc.

e In this example, because the two matrices are inverses of each other,
things work out perfectly. R = 4log,(3 + £).

e Remark: We could also simply use amplify-and-forward, at the
expense of noise amplification. Called Interference Neutralization

(Jeon et al, 2011). R = Jlogy(1+ 25).



l. Interference
Il. Compute-and-Forward
1. Interference: The Compute-and-Forward Perspective

IV. Single-Hop Networks

V. Multi-hop Networks

(a) Fixed Channel Characteristics
(b) Varying Channel Characteristics



Rayleigh fading, unknown at Tx

z1
| Ry
wi—{[Tx P~ p@{Relay 1 )
H Zf R Rx *g;
0
W2—> »(—D& Relay 2

e Rayleigh fading

e No channel state information (CSI) at transmitters.

e Compute-and-Forward strategy: Given CSI, each relay independently
selects the coefficients for an equation to decode, and forwards this
equation.

e Fix transmission rates, what is the probability that the channel
cannot support them? (“Outage probability”)

e Here, we flip the perspective: fix the outage probability (0.25 in our
example), maximize the rate.



Outage Rate per User
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Rayleigh fading, unknown at Tx

X1 | y1 .
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o Rayleigh fading
e No channel state information (CSI) at transmitters.

e Goal: K linearly independent equations are decoded.



Rayleigh fading, unknown at Tx

Some “negative” results for the high SNR behavior:

e It can be shown that this strategy achieves no more than two
(computation) degrees of freedom, irrespective of the number of
transmitter/receiver pairs (Niesen, Whiting, 2011).

e This is by contrast to one (message) degree of freedom for
Han-Kobayashi.

e It is also by contrast to K degrees of freedom when instead of
Rayleigh, the channel matrices are rational.



e Now, suppose that the channel is known at the Tx ahead of time.

e Then, we can do interference alignment.



Example:
npt] naft]
Wl_’@ 73 [¢] é Yrilt] lTll Trt] ‘ y1[t] - W
H[t] G[t]
W, - a[t] ?4_ Yra[t] (R, & [t] ? Y2[t] . W
nralt] nalt]

e We can pair up each matrix H with its inverse G. (That is, find
appropriate time slots.)
e Then, we can apply the interference neutralization trick.

e Either via compute-and-forward
o Or via amplify-and-forward, if we are not worried about the noise

accumulation.



For the amplify-and-forward strategy under uniform phase fading, we
can show the following:

Bymvo = log(1 + 4P + 2P?) + log (1 +/1— (C(P))2) -~ 1,
2P?
_ _ 2) _
Rin = 2log (1+1 4P> + 2log (1+\/1 (C(P)) ) 2,

where C(P) = 2P?/(1 + 4P + 2P?). Furthermore, for any P > 0,

C’sum - RIN < 4.

Note: For Rayleigh fading, we can show that the gap is around 4.7
bits.



Concluding Remarks

Compute-and-Forward is one quite natural approach to managing
interference:

e The mantra is: “Whenever signals collide/interfere, decode a function
of the messages, rather than the messages themselves.”
e If the function to be decoded is “similar” to the channel, there is hope
that the resulting rate will be interesting.
There exist networks where it attains optimal performance (and no
other known strategy does).

There exist practically relevant networks where it attains the best
known performance (e.g., distributed antenna systems).

...but: so far, the story is pretty much limited to /inearly colliding
signals.

On the positive side: for the linear case, the practical
implementation of Compute-and-Forward is possible essentially with
off-the-shelf components!
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